The dynamics behaviors of Kaldor-Kalecki business cycle model with diffusion effect and time delay under the Neumann boundary conditions are investigated. First the conditions of time-independent and time-dependent stability are investigated. Then, we find that the time delay can give rise to the Hopf bifurcation when the time delay passes a critical value. Moreover, the normal form of Hopf bifurcations is obtained by using the center manifold theorem and normal form theory of the partial differential equation, which can determine the bifurcation direction and the stability of the periodic solutions. Finally, numerical results not only validate the obtained theorems, but also show that the diffusion coefficients play a key role in the spatial pattern. With the diffusion coefficients increasing, different patterns appear.
Introduction
Recently, business cycle, as one of the important economic phenomena, has received attractive attentions due its widely application in many fields such as economic decisions, macroeconomic regulation, and market regulation [1] [2] [3] [4] [5] [6] [7] [8] . In order to understand the mechanisms of business cycle, many models are proposed. One of the most famous business cycle models is the Kaldor-Kalecki business cycle [9, 10] , which is described as 
where ( ) is the gross product, ( ) is the capital stock at time, is the adjustment coefficient in the goods market, is the depreciation rate of the capital stock, represents the propensity to save, and ( ( ), ( )) is the investment. Under this model, the dynamic behaviors are widely studied such as stability, Hopf bifurcation, codimension-two bifurcation, and chaos [9] [10] [11] [12] [13] [14] [15] . It is well known that diffusion effects of economic activities are widespread phenomenon that existed all over the world. As a result of the impact of the growth pole, the diffusion effects are the main interactions in economic activities. So, the diffusion effect should be considered in the business cycle model. However, to the best of our knowledge, there are very few works on this field. Inspired by the observation, in this paper, based on the Kaldor-Kalecki model, we propose a novel business cycle with diffusion effect and time delay under the Neumann boundary conditions, which is as follows:
( , ) = 1 Δ ( , )
2 Complexity with its initial and boundary conditions given as follows: 
where > 0, > 0, ∈ (0, 1), ∈ (0, 1), and Ω is the market capacity. There are three contributions of this paper:
(1) Based on the Kaldor-Kalecki model, we propose a novel business cycle under the Neumann boundary conditions. Our model is a spatial-temporal model, which is more general than the existing models.
(2) The time-independent and time-dependent stability are investigated. Moreover, the conditions of the Hopf bifurcation are obtained.
(3) It is found that the diffusion coefficients play a key role in the spatial pattern. With the diffusion coefficients increasing, different patterns appear.
The rest paper is organized as follows. In Section 2, the time-independent stability, time-dependent stability, and the existence of Hopf bifurcation are obtained. In Section 3, the normal form of Hopf bifurcation is obtained. In Section 4, numerical results are given to validate the obtained theorems.
Local Stability and Hopf Bifurcation Analysis
Let ( * , * ) be an equilibrium of (2) and 1 ( , ) = ( , ) − * , 2 ( , ) = ( , ) − * , ( ( , )) = ( ( , )) − * , and = − * ; (2) can be rewrite as
Taking the Taylor expansion of at 0 yields
where 1 = (0), 2 = (1/2) (0), and 3 = (1/3!) (0). The linear parts of (4) are as follows:
Then, the characteristic of (6) is
Following the method of [16] , we define − 2 ( ∈ R 0 = {0, 1, 2, . . .}) as the eigenvalue of Δ under the Neumann boundary conditions on the . Let 1 = ( , 0, ) , 2 = (0, ) be the corresponding eigenvectors, where
to construct a basis of the phase space . Then, can be expanded in the following form of Fourier on :
Then, we have
By (7)- (9), we can obtain
The characteristic equation of (10) is as follows:
The characteristic equation of (11) is
where
Lemma 1. If 1 < holds, the positive equilibrium of system (2) is locally stable at = 0.
Proof. For = 0, (12) can be rewrite as ( ) = 2 + 1 ( ) + 2 ( ) + 1 . As 1 < , > 0, > 0, ∈ (0, 1), and ∈ (0, 1), one can obtain ∀ ∈ , 1 ( ) > 0 and 2 ( ) + 1 > ( − 1 ) + > 0 which means the roots of (12) have negative part. Therefore, the positive equilibrium of system (2) is locally stable at = 0. The proof is completed. Substituting = into (12) and separating real parts and imaginary parts yield
According to sin (14), we have
By simple calculation, we have
As > 0, = 1, 2, one can obtain
It is easy to see if (2) is locally stable for any > 0.
In the following, one investigates the conditions of Hopf bifurcation of (2) . By (14) , one can obtain
By simple calculation, one has
If 1 < , by simple calculation, one can obtain > 0, = 1, 2, ..., 7, and then one has / < 0. From (18), one has
Taking the derivative of in (21), one can obtain
4 Complexity where 0 = (
If 1 < , one can obtain 3 < 0; by simple calculation, one can get > 0, = 0, 1, . . . , 7. Combining with / < 0, one has
which means increase with the increasing of . So, 0 must exist in = 0. Now, one considers the case = 0. Let = 2 ; (18) with = 0 is as follows:
has only one positive root of (25) if ( − 1 )( + ) − ( 1 ) < 0. Let be the positive root of (25); then one can obtain = √
By (26), one can obtain 0 = 0 0 .
Lemma 3 (see [16, 17] ). Consider the exponential polynomial
where ≥ 0 ( = 1, 2, . . . , ) and ( ) ( = 1, 2 
Direction and Stability of the Hopf Bifurcation
In this section, we give the normal form of Hopf bifurcation of (2) by using the method of [16, 18] . Let = − 0 and normalize by → / ; (2) can be rewritten aṡ
where ) ,
For = ( 1 , 2 ) ∈ , from Theorem 2, we know Λ 0 (− 0 0 , 0 0 ) are the eigenvalues of the linear part of (28):̇(
where ( 
( ) is Drac-delta function.
Complexity 5
Let ( 0 ) be the infinitesimal generator of the semigroup induce by the solution of (28) and * denote the formal adjoint of ( 0 ) under the bilinear pairing; we have
for ∈ , ∈ * = ([0, 1], R 2 ). Then ( 0 ) and * are a pair of adjoint operators.
It is not hard to see that 0 0 is an eigenvalue of ( 0 ) and − 0 0 is an eigenvalue of
and 2 ( ) = 1 ( ); then, one can obtain
where 
Then, we have 
Let ( ) = ( 1 ( ), 2 ( )) and V( ) = (V 1 ( ), V 2 ( )) with
for ∈ [−1, 0] and 
for * ∈ [−1, 0]. In the following, we define ( , V * ) = ( , V * ) , = 1, 2 and construct a new basis V
Let = ( 
And * = * ⊕ , where denotes the complement subspace of * in * . As ( 0 ) is the infinitesimal generator induced by the solution of (32), then (28) can be rewritten aṡ
By using the decomposition * = * ⊕ and (45), (30) can be written as
where ( 1 ( ), 2 ( )) = (V, ⟨ ( ), ⟩), ℎ( 1 , 2 , ) ∈ , and ℎ(0, 0, 0) = ℎ(0, 0, 0) = 0. By using center manifold, we can obtain
Let = 1 − 2 and 1 = 1 + 2 , from (48), we can obtain (50)
Following [18] , we havė
Because of 20 ( ) and 11 ( ) in the 21 , we need to determine them. It follows from (52) thaṫ 
According to [18] , we havė 
Expanding (59), we can obtain
According to (60), the following can be obtained: 
where 1 = (
1 ,
2 ,
2 ) ∈ R 2 , and 1 , 2 are constant vector. In order to seek appropriate 1 , 2 , we can obtain the following by the definition of 0 and (60)
Then, we can obtain
Now, we can calculate 20 ( ) and 11 ( ); 21 is also expressed, and then the following important parameter can be obtained 
Numerical Simulations
In this section, two simulations are given to validate the obtained theorems. 
the Neumann boundary conditions of system (2) is as follows:
and the initial conditions is as follows:
By simple calculations, we can obtain the equilibrium is (0.498, 2.489), 1 < ( − 1 )( + ) − ( 1 ) = −0.0198 < 0, 0 = 0.366, and 0 ≈ 2.3805. Consider = 2.2 < 0 , by Theorem 4, system (2) is asymptotically stable, which is verified in Figures 1 and 2 . Consider = 2.6 > 0 ; by Theorem 4, system (2) is unstable and a Hopf bifurcation occurs. By simple calculation, we can obtain the parameter 1 (0) = 7.0694 − 0.892020 , 2 = 7.3686 > 0, and 2 = 14.1388 > 0 which means Hopf bifurcation is supercritical since 2 > 0. The simulations are shown in Figures 3 and 4 , which indicate that there is a stable limit cycle.
In the following, we investigate the effect of diffusion on the dynamics of system (2) . Let = 0.1, 0.5 and = 2. system (2) becomes divergent, which is shown in Figure 6 . Moreover, from Figures 5-7 , we can see that the spatial pattern with = 0.1 is different from the spatial pattern with = 0.5. To summarize, it can be seen the diffusion coefficient affects the pattern formation of system (2).
Conclusions
It is well known that diffusion effects of economic activities are widespread phenomenon that existed all over the world. As a result of the impact of the growth pole, the diffusion effects are the main interactions in economic activities. So, the diffusion effect should be considered in the business cycle model. In this paper, we consider a Kaldor-Kalecki business cycle model with diffusion effect and time delay under the Neumann boundary conditions. First the time-independent and time-dependent stability are investigated. Then, we find that the time delay can give rise to the Hopf bifurcation when the time delay passes a critical value. Moreover, the normal form of Hopf bifurcation is obtained. Finally, numerical results not only validate the obtained theorems, but also show that the diffusion coefficients play a key role in the spatial pattern. With the diffusion coefficients increasing, different patterns appear.
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